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Abstract. In the der‘nmnnmlmn of a c‘nnrndurr in the direct nrnn‘nr-t of two irreducible

representation spaces of the quantum em{elopmg algebra U, si(2), the mixed representation,
reducible but indecomposable, appears when g is a root of unity. In this paper, the necessary
and sufficient condition for mixture of two irreducible representations are presented, the
quantum Clebsch-Gordan coefficients which are neither all vanishing nor divergent for
the non-generic ¢ values are defined, and the method for computing the new states are
discussed in some detail.

1. Introduction

The quantum enveloping algebras U,% were firstly presented [1] as a toal for solving
the Yang-Baxter equation [2] which plays a crucial role in some completely integrable
statistical systems, and now they draw the increasing interests of theoretical physicists
and mathematicians. The properties of U,¥ for the generic g values are studied quite
well, but the theory for the non-generic values where g is a root of unity is in the
preliminary stage [3-5]. However, all the irreducible representations (1r} of U, sl(2)
for the non-generic g values are known very well.

Recently, from the study of an XXZ spin chain model [6, 7], the structure of the
type I representations which are reducible but indecomposable was studied. The

roacnamy mnmdidian Far amemanranoa aftha tune T ranracantatinme waoe aivan ot thana

ue»caaaly' CONGIiIci 101 appealalive Ul I.llU LYPw L AVPIAOULLALIVILY Wad 51\"-'11 Ul.ll lllCIC
are several problems that should be studied further. Among them, the sufficient
condition, the new states, and the quantum Clebsch-Gordan {qcG) coefficients for the
non-generic g values are the most urgent ones. In this paper, we are going to study
those problems in the decomposition of a coproduct in the direct product of two

irreducible representation (1r) spaces for U, sl(2) in detail.

A state of one 1r in the dennmnnqmnn of a cnnrndnct may coingcide with a state
of another 1R when ¢ goes to a non-generic value. When it occurs, we call that two
states are degenerate and two IRs are mixed. In this paper we will present the mixed
condition of two 1Rs in the decomposition of a coproduct and the method for computing
the new states appearing due to the degenerate states, The qcG coefficients for the

non-generic g values will be studied in some detail.
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The plan of this paper is as follows. In section 2 we will show some formulas for
the non-generic g values which are useful for the later computations. In section 3, we
will present a theorem for the mixed condition under which the relevant quantum
Clebsch-Gordan coefficients do coincide with each other for the non-generic g value.
In this case, some factors in the numerator or denominator of the qcq coefficients may
be vanishing, so a new definition is needed to rule out the vanishing or divergent
factors, and also given in section 3. The proof of the theorem are given in section 4.
Since some states are degenerate, the method for computing the new states, which
span together with the old states a type I representation, will be discussed in section 5.

2. Formulas for the non-generic ¢ values

For a given integer p, q,, called a non-generic value, is defined as

1or-1 when p is odd
q6’=}l={_l when;)is even. (1)
Let
[m1=L L. )
a—4q ]
When g = g, we denote [m] as [m],. (jbviously,
[#plo=0 [a]o=0 0<a<p (3)

In this paper, if without a special notification, a small latin letter, for example n or p
etc denotes a non-negative integer, and a small greek letter, for example «, denotes a
non-negative integer less than p: 0<<a <p.

It is easy to check the following useful formulas for g = g,

[nptalo=A"[al [np—alo=—A"[al,. (4)

From (4) we can show
[p_l] = (=" (5)

@ ldo

where

[n]*MHn—Huin—m+H_ [n]!
m] [m]! T [m]t[n—m]! (6)
[mI'=[m][m—-1]...[1] [0]'=1 [-n]!»c0
and the subscript 0 denotes g =go.
In terms of the factorization method

e anp
[['z’]] _ QQP_ 2"# =gV gt 4 ginr N
we have
n n
lim Lre] =nA""! and lim [np] =—A""" (83)
a=q0 [ p] a~a[mp] m

Generally, we obtain

lim [ Pt ] = Aamﬂ"*f’m‘"‘”( " )[a] when a > g (9a)
g»amlmp+ m/LB 1o
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[ np-ta ]
tim =P A ]
g-do [p]

— (_I)B—a—l)‘am+ﬁn+pm(n~1)~1( n ) (H - m)
m

x{[B_l] [13]0}— when a < 8. (9b)
@ o

Now, we are going to show formulas on derivatives with respect to g denoted by
prime. Because

mpta __—ap—oay f
[np+a]’=(g——q_l—)
q9-q
=(g*~ 1) {(np+a) g™ " +q ")~ [np+al[2]}
and
. qp~£¥+q—p+tx . qﬂ+q—(1
imI—4  __im LTI <a<p-
e e 1o
we have
li [nptal Ii dl 2 -1 2
rr———  — + = — —
qLﬂ;l‘J[npia] qugdq n{nptal=(g5—1)"{(znp+a)2aly/[al;—[2]} (11a)
2npA”
lim [np} = 22—, (115)
q>q go—1

From (11) we have

.8 ([mpxv] [mp+ V]’) o8

l _ =(xn— 2_ 1 2
fim 2 ([npi o1 [mpto1) ~ MR DT X 20/ TVTo 12
(12) becomes vanishing when 8 = p — 1 owing to (10). Furthermore, because of (7) we
have

[np] ' q(n—l)p+ q(n—3)p+. . -+q—(n—l)P [ (13)
lim (*""-) =li ( (m—1ip 5 (m=3)p —<m-l).°) =0
g-q0 \[mp] a+a0\ g +gq +...+¢g

From (12} and (13), we obtain the following useful formulas:

__1 3 — _ r + ]
“miln[np ]=lim 5 ([(n m)p—v] [mp v])
a+qo dg mp+B] saw. S \[(n-m)p—v] [mp+v]
a8
=-np(qs—1)"" X [20]o/[¥]5 (14)
v=1
d np+a]
lim —1
q!g]odq n[mp-i-ﬂ
.  [np+v] PotB8 0 (n—m+1)p—v] E [mp+v] r21[p]
=hm{z r..{...1+ T/ ._.11\!_’. _A'l_z r..._.,,1_2'|.:—_1
g+q p=] P T ¥] v=1 WINB—HTLUP— V] .=y |FAPTV] o1 [V])
- x —mp+v)[2v], o [2v]y £ ¢[2¥]
=(g2-1 '{ (np — mp +m -
(q() ) v=a§f3+l [V]g pv=§+l [V](z) vgl [V]g

{15a)
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where « = 2, and

i e[ ] /1)

- lim { o [npt+v) #o2'[(n—m)p—v] £ [mp+ v]'}

aralosy [ap+ev] 05 [(m—m)p—»] 2 [mp+]
— (a2 1y d ("P_mP"V)[ZV]o_ B [2v]y . 2 u[20],
={%-1) {u=§—a [V]g "P v=>;;+1 [V]%+u§l [+72 +[2]°}

(156)
where a < f.

Hereafter we will say ‘when ¢ goes to ¢’ or ‘when g =4, to replace the limit

symbol lim,, . .

3. Mixed condition

For the generic g values, the coproduct A%’z in the direct product of two IR spaces of
U, sl(2} is a reducible representation and can be reduced by the quantum Clebsch-
Gordan matrix which was computed explicitly in [8, 9].

Z, (qu}jz)m(M—m)m'(M'—m')( C{;ljz)m'(M'—m')JM' = (C{;ljz)m(M —m)JM(D}:)MM' (16)

where J=j,+j,, /i tj.—1,...,[ji—J:. The states in the ir spaces can be combined
by acG coeflicients

[IM) =T [1m)ja(M = m)YNC ) mirt—myims (17)

When g goes to the non-generic value g, (see (1)), some states |J'M) and |JM)
may coincide with each other. In this section we are going to show the mixed condition.

For the non-generic g values, the normalization of a state is not important because
some states may be nilpotent (a zero norm). In this case Lusztig’s representation [3]
may be more convenient:

elj(m—-1)=[j+m)jm) elji)=0

flilm+1p=1j—mjm) fli=jy=0

h|jm)=2m|jm) (18)
)y

(jm|jm) = [J_ +fm].

In this representation, the qCcG coefficients are as follows [8, 9]
(Céljz)m{M—m)JM

o e (2J+1]!

= AT g~ Uit Wy iyt + 1)/ 2+ miy— (M '")-hA( J){ = —
4 el [FTSTTPINT
X[jy+mtji—m] o+ M —ml![j— M+m]! T (—1)"g " htia+D

AR} Ly~ m — n]t o+ M= m—n]iLjy+ja— T~ n]! (19)
XIJ—ji=-M+m+n)llJ-jo+m+n)}"!

[j1+j2—.l]![j,—j2+.I]![-—j1+j2+J]!}”2
Ui+ i+ T+1]

A g ) = {
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where A, is introduced to avoid divergence or all vanish of qcG coefficients such that
the state |JM) exists. The explicit form of A, will be given later.

The mixed condition of two 1rs D, and Dj is a condition under which, when
q=gqy, |J'M)=c|JM), where c is a constant. Without loss of generality, we assume
that j, = j, and J'> J. Since efJJ)=0and (J'J|JJ} = 0 for the generic g values, we obtain
from |J'J) = ¢|JJ) when g goes to qo,

Tl [ 2] 0
Um{J' J|J'Jy = lim A, l_J”+JJM

4490 q4-+4do

lim elJ'Jy= 11m [J'+T+1]F(J+1)=0

g4=>4p

that just is the necessary condition for mixture obtained in the XXZ spin chain model
(6, 7}:

J+i+1=0 mod p. {Z20)
Introduce the following notations:

0<j,—f=sp+y 2j,=uptw (21)

J=wp+n J=(-tp—m—1<r (22a)

where both y and x are integers or half of odd integers spontaneously because j, and
j» may be an integer or half of an odd interger, respectively. Now, the mixed condition
is shown in the theorem.

Theorem. In the decomposition of the coproduct A’ the necessary and sufficient
condition for mixture of two 1&s D and D7 is as follows:

_{2!‘ fp<y<p—-n (226)
~ 2+ if (p—1)/2<p<yory<(p—1)/2<n<p—v.
We will prove the theorem in the next section. Here, we are going to give some

remarks.
At first, it is easy to check that (22) are equivalent to the following condition

J=tp+n J={l-t}p-n—-1 0=n<(p-1)/2
__{2! fp<y<p—-nu
“l2t+1 fpzyorp—m=<vy.

But, we will use the former form in this paper.

Secondly, since J'> J, it is only needed to prove that when g goes to g, the state
| . ) J) coincides with the state |[J'J} up to a constant, i.e., when g goes to g, the following
ratio B,, should be independent of m:

aiitl Dy

Cj‘j1 m(J—m)t’
B,,,E( g”) = (23)
(CF) ms-myns
The coincidence of the rest states can be proved by the lowering operator f
At last, we introduced a factor A; in (19) in order to avoid divergence or all vanish
of qca coefficients. A; is defined as follows:

T o IV =i = ]
A,y = gt i it D2 A (G 5 F { - - —— 24
)=4 LR [PYSTTETNT TEPEN] @24)
- [H+tm]l[j.+J—m]! 2
C 1 J2 " = 1 Jy— (J myJ+1) o ) 25a
(€ mts-mar =(=1) [J+i—hal2]0 LI +ja=h (23)
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and those obtained by replacing J' <> J, where the relation between J and J' is given
in (22). We assume J'=J when n=(p—1)/2 or n=p —1/2. Also, we¢ have

(Cgljz)m(.f—m)]'.l’
=i G it = I+ mf+y) '+ hp=hllLihtm]tj,+J—m]t

-4 [+ IV + =[]+ ja— !
xY (-1)"g n(H ""”I- S+ -”- m—,
et LiztS—m=n]JL n
-J+m
xl:,h{‘z'} ] 0
27
0

n=max[ } min{ hom }
h+tJ—JF—m f1+f2_—r' l

Since J—j,=m=j,, we have
Jtjp—jhsttj;-m-n<J+j,—j,
jz'*‘-"l_j]:(t_S)P"‘n_?’

In other words, ¢ ond-.m
three formulas
St T —ji=rp+ B htJ~ji=mp+B

s that there is a common r in the following

{26a)

(26b)

t— if 7>
0=Bysp=p<p r={ ) ey

t—s5-1 if n<w.
It is the key point for proving the theorem that there exists a common r which is
independent of m and n. Since 8, — B,=J'—J, from (26) we have

0<J—-J=a<p. (27)
Because J+j. —j2=J'+J—(J'+jz—fl) =(I-r)p— By ~1, and when g goes to g
?i.
, e #0 if=w
|.-I +]2"'J|J A
2, :| .
. if 8,>w
[Jr+,]2"'j] [p] ﬁl

the non-vanishing components of { Cﬁ‘jZ)m( r—myss are finite and have the following
values of m:

(n—Dp+tw<m-J+ip=<np+8, ifg<w

nptw<m-Jtj=np+p if 8> w.
Except for the case w = 8,, those m satisfying (28} are separated into several groups
with the higher bound m, and the lower bound m;:

Jtm+1=0 mod p Jt(J—m)+1=0 mod p

(28)

ie.,
eljimn)=0 elj(J—m))=0. (29)

For the case w =g, all the components (C2“2),;_myy with J—j<m<j,, when
g = q,, are nonvanishing.
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4. Proof of the thearem

In this section we are going to prove that when g goes to g, the ratio B,, defined in
(23) is independent of m, From (25) we have

B,,:ZB,,...=(—l)fr'"qw’-n—u.-m)(fl+f1+!+n[ 2 ][ &z :{—J
m J+i—p LI i —h

r . -1 -j —m]
x| . . E(~1)"q"‘1'1+12+1'+n,_ ! J
l.‘, —JlJ n n
x[ o= J+m ][ J'+7 ]
htp-F-nltp+J-m-n

=(—=1) 'P*Ba,.f.a+(rp+.8n)lprup+w]r“P+“".| r p-17"
=(-1)"*Pog
L+ Bollrp+8.] Lp+s,]

X g UmmU I Y g gn =Ty [J; - m][ =J+tm
n n h¥j—J' —n

8~ /
{( i (W”P[rﬁw]} 0
From (9a) we have
. _ p—1 -1
i e+ (rp+8)ip ={—1yPyrip—1}
ql*n;u{( b [rp+6]} (=1™ ( r ) (31)

By making use of an identity [9, 10]

§qt{ntu+u)—m][:‘:][r_vn}=[u:‘-u] (32a)

] [Jli‘]z {. 3)

Therefore, when g gaes to g, the ratio B,,, tends to a limit B independent of m:

we obtain

—(fy—m i+ =t (=T —m a-Jtm
q . Eqn g )l- ][ N (.
LI L | T

n
l 1

lim B =8 (34a)
Bs(_1)ﬁu;‘r(p—n+(m+squ5,a(’—1)["114‘!31] [ Ip-1 }*‘
r P+ Bodolrp+Bide
=(__1)aha{l+r)q{;‘n [BJ] #0- (34[))
Bolo

If there is no common rin (26),ie., J'+ jo—ji=rp+ By, but J+j~j, = (r-1)p+ B,
(31) as well as lim,,, B, would obviously depend on m such that {J'J) and |JJ)
would not coincide to each other,

There is a problem in the above proof. Equation (34) is deduced from (31), where
we neglected the term proportional to {g - go). It is allowed only when

jl +J'2'-r]
#1{.
[h*’jz"-” ) (35)
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Owing to (9) and
j1+.f2_f=2jz_(jz+f—f1)=(""'")P+(“"Bo)
Site=d'=(u-r)p+(w—pB,)

(35) holds only when w = 8, or w < 8,. Now, we discuss the case

Bosw<p (36)
where
L+h—1]~
[j] +j2__Jr [p]' (37)

For this case we separate the values of m, J —j,<m =, into two groups: m, and
m;:
m=J—jtup+u, o<y <sp (38)
my=J—j+wmp+u, M2Sw or uy> B,
From (28) we know that when g =g, (C*%),, (;_pn,)ss # 0 and (Ci%) s —mprs ~ [ P).
By making use of (32a) and the following identities [9, 10] repeatedly,

stntuto—ry | U =1 |[o+r=n—1 u+ov+r-1
o I i B Ll IR
Z (__l)nq:!:(n(u—u—r+]}+ru}[:][f::] — [U;‘H] (32(:)
we obtain
Z(—1)"q"(j,+i2+1‘+1)[f1“m][ h=Jd+m [ J+J ]
" ' n htp+rI—nll b+ J—-m—-n

— (_ 1 )j2+J'—m q(j2+.l—m)(J”+jt+_j2+1)—(J'+J'){J"—j1+j2)

T+ 7] 'j,—m+n][1’+j2+m—n]
n | o+ J—m

XZ (_l)nqn(jl+j2—.r'+l)[

rpt+Bosn<sr+s,. (39)

For the case (36) and m = m, the last two factors in the right-hand side of {39) must
contain a [ p] factor. Now, we are able to prove that for the case (36)

Shtm

im (~1pmi g moU e 1 I P
1 ~1 YT g Uy m) G ) D yn "(J,+11+J+:)|: ]
qult;ln( ) q [P]Zn:( ) q n
x[ jo= T+ m, ][ S+ }
htih=d =nilj,+J-m,—n
=(_1)a—w-—l,\r(p—])+(rp+ﬂo)1+a(uf,]+i(I_l)
r
X(u+I—r)w—Bo]![B1—w—1]!/[a]!
=(..,I)BOAF(P*I)+(rp+,GO)[(“'_1)(1+ H )
r u-—r
% lim L[J"ﬁ'jz-.l]. )
ara[plLitiL-J'
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Therefore, the ratio B,, is also iridependent of m for the case (36):

lim B, =B §=(1+ I )B
g9+ u—r
(41)

Hm (C %) gy s —myysz = lim (Cﬁ‘jz) gt F—my)ys =0
4=+ 4qg q=+qo

5. New states

In the previous sections we showed that under the condition (22) when g goes to g
the state |JJ) coincides with the state |[J'J ) up to a constant, Owing to this coincidence,
some new states must exist in the linear space spanned by |j,m,)|jam,). The new state
with the highest weight can be computed by a limit process

[JT Yo=Y |jrm)]ja(J = m»(éét,jz)m(.r-m)u

N( C_‘é’ujz)mu—m)u

(C{;ljz)m(l—m}l'.l - B(Cf;'h)mu-m)u

= lim
P, (02)
= lim (B, — BYC ) mis—omns
q—+do q=4q
= gfﬂql {(Célh)m(J-m}J'J}'_ BUCH ) mis—mss}
~* 4o

where B should be replaced by B for the case {36). The definition (42) guarantees
that the new state |JJ), is orthogonal to the states belonging to the other 1Rrs

(T =0 J'# J and J' (43)
and the normalization factor N can be determined by (44)

2 ’ r fla—1)
AT I = AUV +1) A
[ =J] [a]

such that
el yo=|T(J+1). (45a)
The rest new states |JM), can be computed by [6]

f
[/-M]

It is easy to show from the quantum algebraic relations of U, sl(2) that

hlIM g =2M|IM),

[IM), = I7(M +1)) —J<M<J. (45b)

Mrr-m-11 M
elIMy,=[J+ M+ 1JJ(M +1))+ Y J|J( +1)) (45¢)

J+J

FI=T)o= [J,_J]:J'—(Hl».
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At last, we are going to discuss the method of computing (C21%),(j—m)is for the
three different cases.

(i} w=p,
In this case both

[ 2, } and [ 2 ]
J+j— i J+j—]

are non-vanishing when g = g,, but some H,,, may be vanishing. When it occurs, the
summation over n is separated into two parts: », and n,, where B, # 0and B,,,,~{ p]
when g goes to g,.

If m does not satisfy (28), (C%’*),a(s—mss is proportional to [ p] so that

(B, — B)(C{;‘jz)muvm)u

N(C! ‘Jz)m(.r myy = lim =0. (46}
g+ q—do
However, for those m satisfying (28), from (42) we have
d
N(C; ‘J’)mu my = hm {(CJ‘JZ)m(J m)JJ} dq B,
H JiJ =1 d
= lim {{C}?) miy-myps} B~ == % B (47}
q-4q; dq ]

and B~'d/dq B,, can be calculated by (15):
d

im R”1'—B

‘!"’l’z‘o dg "

Ny
= (i =N = (i —m) (i +ja+ T+ Dhas +—1n[,4,h_.]
st J

d 2js d J+7J
-——In{ , 7" |-—7—In} , .
dg L|J'+jp—jil dg J+j—j

L R &
d J+J
+B_IZan]{nl(jl+j2+j'+1)qal+_lﬂ[ . n :]
n —_— 1

jp — o T+
+il [ h—m ]+iln[ r J2 j m :I}
dg -m-n] dq LJS~-J-j+tm+n,
2 B,
+pt Ay By, (48)
go~1n [P]

After the derivative g goes to g,.
{ii) 0sw< B,
In this case both

. 2
L) e L]
J+ =y J'+ =i

are vanishing when g = g,. The formulas (46), (47) and (48) will hold for this case
except for the second and the third terms on the right-hand side of {48) which shovld
be replaced by

toll o ol 2
dqln{[iﬁz—jl]/[”} ag ™ Lt jp-nl/ 1P
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(iii) Bo=w<p

In this case

i)
Jj2~jy

is non-vanishing but

[-5)
J'+ =y

is vanishing when g = g,. Because lim,_. . (B, — B) is, generally, no longer vanishing,
we have

2
N(C!‘ 2)m,ur —mH = q 5 lim (B, - B)(C! f’)mlu m,).u/[P]
i

‘i"qu
(49)
d

N(C2) - ~mpr =] 11m (CHYm-mpss d
q

— B,

where (39) is helpful for calculating d/dg B, .
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